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Anomalous quantum Hall eets in single-layer and bilayer graphene are related with nontrivial
topologial properties of eletron states (Berry phases pi and 2pi, respetively). It was known that
the Atiyah-Singer index theorem guarantees, for the ase of the single-layer, existene of zero-energy
states for the ase of inhomogeneous magneti elds assuming that the total ux is non-zero. This
leads, in partiular, to appearane of midgap states in orrugated graphene and topologially protets
zero-energy Landau level in orrugated single-layer graphene. Here we apply this theorem to the
ase of bilayer graphene and prove the existene of zero-energy modes for this ase.
PACS numbers: 73.43.Cd, 02.40.Vh, 81.05.Uw
I. INTRODUCTION
Graphene, that is a two-dimensional allotrope of
arbon formed by single arbon atom sheet is a subjet
of hot interest now (for review, see Refs. 14). One of
the most interesting aspets of the graphene physis
from theoretial point of view is a deep and fruitful
relation with the quantum eletrodynamis and quantum
eld theory
512
. As was proven experimentally in Refs.
13,14 harge arriers in the single-layer graphene are
massless Dira fermions haraterized by hirality,
or Berry phase pi. As a onsequene, graphene
demonstrates anomalous quantum Hall eet due to
existene of zero-energy Landau level. The latter an be
onsidered
2,11,13
as a simple onsequene of the famous
Atiyah-Singer index theorem
15
whih plays an important
role in the modern quantum eld theory and theory of
superstrings
16,17
.
Charge arriers in bilayer graphene, formed by
two graphite atomi sheets
18
, an be, in a good
approximation, onsidered as hiral fermions with the
Berry phase 2pi whih leads to another type of anomalous
quantum Hall eet
18,19
and to a very unusual harater
of eletron transmission through potential barriers
9
.
Exat solution of the Shrodinger equation for the bilayer
graphene in homogeneous magneti eld
19
demonstrates
existene of the zero-energy Landau level with twie
larger degeneray than for the ase of single layer.
However, topologial origin of this feature was not
laried yet. This is the aim of the present work. We
will prove that the existene of the zero-energy states
in bilayer graphene is also a onsequene of the Atiyah-
Singer index theorem and thus is topologially proteted.
This is an important question sine it is known
2025
that graphene is always orrugated and overed by ripples
whih an be either intrinsi
21,22,25,26
or indued by a
roughness of substrate
23,24
. In general, non-atness of
graphene leads to appearane of the pseudomagneti
inhomogeneous gauge eld
20,27
ating on the harge
arriers. Based on the topologial arguments one an
demonstrate that this pseudomagneti eld should also
result in appearane of zero-energy states (pseudo-
Landau levels) as was reently onrmed by model
28
and rst-priniples
29
eletroni struture alulations.
This an provide a mehanism of formation of harge
inhomogeneity in orrugated graphene
28
and thus
essentially eet on its eletroni properties. Also, this
topologial protetorate of zero-energy Landau level
an explain why it is narrower than the higher-energy
levels as was reently observed experimentally
30
. The
ripples in bilayer graphene has been already observed
experimentally
22
but it is still not lear whether this leads
to formation of the zero-energy states, similar to the ase
of single layer, or not. Here we give a positive answer
on this question based on a very general topologial
onsideration.
II. FORMULATION OF THE PROBLEM
The orrugation leads to important onsequenes
for the eletroni struture of graphene. The nearest-
neighbor hopping integral γ turns out to be utuating
due to its dependene on the deformation tensor
26
uij =
1
2
(
∂ui
∂xj
+
∂uj
∂xi
+
∂uk
∂xi
∂uk
∂xj
+
∂h
∂xi
∂h
∂xj
)
(1)
where h is the displaement in the diretion
perpendiular to graphene plane, xi = (x, y) are
oordinates in the plane and ui are orresponding
omponents of the displaement vetor:
γ = γ0 +
(
∂γ
∂uij
)
0
uij . (2)
Taking into aount this inhomogeneity in a standard
tight-binding desription of the eletroni struture
of graphene
4
one an obtain an eetive Dira-like
Hamiltonian desribing eletron states near the onial
K-point:
H = vFσ (−i~∇−A) (3)
where vF =
√
3γ0a/2~ and A is the vetor potential
onneted with the deviations of the hopping parameters
2γi from their unperturbed value γ0:
Ax = 1
2vF
(γ2 + γ3 − 2γ1) ,
Ay =
√
3
2vF
(γ3 − γ2) , (4)
where the nearest neighbors with vetors(−a/√3, 0) ; (a/2√3,−a/2) ; (a/2√3, a/2) are labelled
1,2, and 3, orrespondingly, a is the lattie onstant11.
This means that the exural utuations at on the
eletroni struture near the K-point as an Abelian
gauge eld whih is equivalent to the ation of a random
magneti eld. Thus, the bending of graphene violates
the time-reversal symmetry for a given valley; of ourse,
the Umklapp proesses between K and K ′ points will
restore this symmetry. As was suggested in Ref. 20
these eetive magneti elds might be responsible for
suppression of the weak loalization eets in graphene.
Whereas a smooth deformation of the graphene sheets
produes the gauge eld similar to eletromagneti one,
dierent topologial defets in graphene induing inter-
valley (Umklapp) proesses an be onsidered as soures
of a non-Abelian gauge eld; orresponding analogy with
gravitation was disussed in Refs. 31,32.
The bilayer graphene in a simplest approximation an
be onsidered as a zero-gap semiondutor with paraboli
touhing of the eletron and hole bands desribed by the
single-partile Hamiltonian
18,19
H =
(
0 − (px − ipy)2 /2m
− (px + ipy)2 /2m 0
)
(5)
where pi = −i~∂/∂xi − Ai are eletron momenta
operators and m ≃ 0.054me is the eetive mass, me
being the free-eletron mass. This desription is aurate
at the energy sale larger than few meV, otherwise
a more ompliated piture inluding trigonal warping
takes plae
19
; we will restrit ourselves only by the ase of
not too small doping when the approximate Hamiltonian
(5) works. Two omponents of the wave funtion are
originated from rystallographi struture of graphite
sheets with two arbon atoms in the sheet per elementary
ell. There are two touhing points per Brillouin zone,
K and K ′. For smooth enough external potential, no
Umklapp proesses between these points are allowed and
thus they an be onsidered independently.
We will proof that the zero-energy states in the
ase of bilayer found by exat solution for the ase of
homogeneous magneti eld
19
are topologially proteted
and their number is determined only by the total ux per
sample, irrespetive to whether the eld is homogeneous
or not, exatly as in the ase of the single-layer
2,11,13
.
III. RESULTS AND DISCUSSION
The proof is based on the theory of ellipti operators
and on the Atiyah-Singer index theorem. Let us remind
rst some fats about it.
Let X be a smooth ompat manifold, E and
E′ smooth omplex bundles over X (we shall use
everywhere the word smooth in the sense of innitely
dierentiable). Let D be a smooth linear dierential
operator of orderm ating from C∞(E) to C∞(E′) where
C∞(E) is the vetor spae of smooth setions of E. Here
smoothness of operator is regarded as smoothness of its
oeients in any smooth loal oordinates.
In loal oordinates (xi) on X the highest-order
terms of D have a form
∑
ai1...im(x) ∂
∂xi1
. . . ∂
∂xim
. Let
us onsider the expression
∑
ai1...im(x)ξi1 . . . ξim , ξ ∈
T ∗X , T ∗X being the otangent bundle of X . It is
independent on the hoie of loal oordinates and denes
the homomorphism of vetor bundles pi∗E → pi∗E′, whih
is homogeneous of degreem by ξ. Here pi∗E, pi∗E
′
are the
liftings of the bundles E, E′ to T ∗X (see the ommutative
diagrams below; verties on the diagrams are smooth
manifolds and arrows are smooth maps).
pi∗E

pi∗
// E

T ∗X
pi
// X
pi∗E
##G
GG
GG
GG
G
σ(D)
// pi∗E
′
{{ww
ww
ww
ww
w
T ∗X
This homomorphism pi∗E → pi∗E′ is alled symbol σ(D)
of dierential operator D. The latter is alled ellipti if
σ(D) is invertible outside zero setion of T ∗X (that is
invertible at ξ 6= 0 in loal oordinates).
Ellipti operators have a good behavior
15
: if
D : C∞(E)→ C∞(E′) is a smooth ellipti operator then
• All distributional solutions of D are smooth.
• KerD (the spae of solutions of the equation Dψ =
0) and CokerD (the fator-spae of C∞(E′) by the
image {Dψ} of D) are nite dimensional.
• indexD , dimKerD − dimCokerD depends only
on the symbol of D; moreover, indexD depends
only on the homotopy lass of symbol in the spae
of ontinuous invertible symbols of a given order.
The rough idea of the proof is the following. We
onsider the two-periodi ase (a justiation of this
hoie will be disussed below). So a wave funtion is the
setion of omplex linear bundle E over two-dimensional
torus X . The vetor potential A denes the onnetion
∇j = ∂∂xj − i~Aj on E; its ux ~−1
∫
X
dA denes the
bundle E up to isomorphism.
The dierential operators px±ipy are ellipti operators
ating on C∞(E). They are onjugated so the o-kernel
of px + ipy is isomorphi to the kernel of px − ipy and
vie versa. Therefore the dierene of dimensions of the
kernels of px + ipy and px − ipy is equal to the index of
operator px + ipy. The same is valid for the squares of
these operators thus dimKer(px + ipy)
2 − dimKer(px −
ipy)
2 = index(px + ipy)
2
.
The desired result follows just from the fat that the
index of the omposition of ellipti operators is equal to
3the sum of their indies
33
, so we have index(px+ ipy)
2 =
2 index(px + ipy).
Aording to the Atiyah-Singer theorem the index of
operator px+ ipy depends on only the symbol of px+ ipy
determined by the integer number N = (2pi~)−1
∫
X
dA
and does not depend on the hoie of the eld A for
a given number of this integral. We obtain index(px +
ipy) = N from purely topologial onsiderations,
replaing operator px + ipy by other operator with the
same symbol and known index. In physial terms, N is
the total ux of the (pseudo)magneti eld per torus in
the units of the ux quantum.
It is worth to stress that the vetor potentials A are
assumed to be in our proof not very smooth but just
ontinuously dierentiable whih makes the result rather
general.
The hoie of the torus an be justied by standard
arguments used at the introdution of the Born - von
Karman periodi boundary onditions in solid state
theory
34
. Namely, the total number of zero-energymodes,
assuming that N 6= 0 is proportional to the total number
of atoms in the sample, N0. At the same time, if one
replaes realisti boundary onditions by the periodi
ones the total density of states an be hanged by a
quantity proportional to the number of edge atoms, that
is,
√
N0. This means that the total number of states
with the energy lose to zero should be, in the limit of
large rystallite, orretly desribed by the periodi ase,
that is, the ase of torus. Note that the torus has zero
Gaussian urvature whih physially means absene of
topologial defets, suh as dislinations (pentagons of
heptagons in the original hexagonal lattie)
31,32
.
The physial onsequenes are straightforward: as well
as for the ase of the single-layer graphene, for the ase
of bilayer (i) orrugations an result in the appearane of
the mid-gap states
28
and (ii) pseudomagneti elds due
to orrugations will not broaden the zero-energy Landau
level in the ase of quantum Hall eet
30
. It would be very
interesting to hek experimentally the seond statement
by measurements of the quantum Hall ativation gaps
for the bilayer graphene, similar to Ref. 30 for the ase
of single layer.
A mathematial proof of the statement is presented in
the Appendix.
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Appendix
Let Γ be a lattie in the two-dimensional Eulidean
spae R2, X = R2 mod Γ be the two-dimensional torus,
E be a smooth linear omplex vetor bundle over X
with struture group U(1). Let we have C1-onnetion
on E, that is orresponding ovariant derivatives are
written as ∇x = ∂∂x − iAx, ∇y = ∂∂y − iAy, where Ax,
Ay are ontinuously dierentiable real funtions in loal
oordinates (x, y) on X (these oordinates we hoose as
usual oordinates on universal overing R2 of X , so they
are dened up to addition of vetors from Γ).
Although the onnetion form A = Axdx + Aydy
depends on the hoie of loal oordinates, its urvature
dA is globally dened on X . We an integrate dA over
X ; this integral depends only on isomorphism lass of E
and does not depend on the hoie of onnetion on E.
Let
N(E) = (2pi)−1
∫
X
dA; (6)
this number must be integer.
Following Ref. 15, we onsider Hilbert spaes Hs(E)
of those distributional setions u of E for whih Du ∈
L2(X) for all dierential operators D : C
∞(E) →
C∞(1X) with smooth oeients, and of order ≤ s.
Here C∞(E) is the spae of smooth setions of E, 1X is
the trivial linear omplex bundle over X . The Hermitian
produt in Hs(E) an be dened at s = 0 as 〈u, v〉0 =∫
X
〈u, v〉dxdy, at s > 0  as 〈u, v〉s =
∫
X
〈∆su, v〉dxdy.
Here ∆ = 1 + D∗D, D : C∞(E) → C∞(E ⊗ T ∗X)
is the ovariant derivative given by some xed smooth
onnetion on E (preise hoose of this onnetion is
irrelevant for our aims).
We an onsider dierential operators P± = ∇x± i∇y
as ontinuous linear operators from Hs(E) to Hs−1(E)
at s ≤ 2; let us denote these linear operators as P±s .
Similarly, we an onsider dierential operators Q± =
(∇x ± i∇y)2 as ontinuous linear operators Q±2 from
H2(E) to H0(E).
Theorem.
dimKerP+1 − dimKerP−1 = N(E),
dimKerQ+2 − dimKerQ−2 = 2N(E).
(7)
Remark. If the onnetion (that is the funtions
Ax, Ay) is smooth then all distributional solutions of
the operators P±1 , Q
±
2 are also smooth
15
, and for the
dierential operators P±, Q± ating on C∞(E) we have
from Eq.(7)
dimKerP+ − dimKerP− = N(E),
dimKerQ+ − dimKerQ− = 2N(E).
Proof. Note that in our ase when X is the two-
dimensional torus the otangent bundle pi : T ∗X → X
is trivial two-dimensional real bundle over X and an
be identied with the trivial linear omplex bundle
4X × C → X . So lift of the bundle E over X to the
bundle pi∗E over T
∗X an be identied with linear
omplex bundle E × C → X × C. At this identiation
symbols σ± : pi∗E → pi∗E of the operators P± beome
the following form: for e ∈ E, ξ ∈ C we have σ+(e, ξ) =
(ξe, ξ), σ−(e, ξ) = (ξ¯e, ξ), that is the ber over a point of
T ∗X is multiplied by the omplex number orresponding
to this otangent vetor in the ase σ+, and on the
onjugate to this omplex number in the ase σ−.
The omposition σ+σ− : pi∗E → pi∗E, σ+σ−(e, ξ) =
(|ξ|2e, ξ) oinides with the identity id : pi∗E → pi∗E on
the unit sphere bundle of T ∗X . So [σ+] + [σ−] = 0,
where [σ] is the lass of σ in the groupK (T ∗X) where K
denotes K-theory with ompat supports (a desription
of this variant of K-theory is ontained in Ref. 15).
Applying topologial index, that is, homomorphism
index: K (T ∗X) → Z onstruted by Atiyah and
Singer
15
, to this equality, we get
index[σ+] + index[σ−] = 0.
The operators P±s : Hs(E) → Hs−1(E) are Fredholm
sine symbols σ± are invertible outside the zero setion of
T ∗X (Ref. 15). indexP±s , dimKerP
±
s − dimCokerP±s
depends only on [σ±] and are independent of the hoie
of s ≤ 2 and onnetion eld A (but of ourse they
depend on N(E), whih dene the isomorphism lass of
E): indexP±s = index[σ
±] (Ref. 15).
Note that at s ≥ 1 for u, v ∈ Hs(E) we have
uv¯ ∈ Hs(1X). So
∫
X
(uv¯)xdxdy =
∫
X
(uv¯)ydxdy = 0,
and
〈
P+1 u, v
〉
0
+
〈
u, P−1 v
〉
0
= 0 for any u, v ∈ H1(E).
Identifying CokerP±1 with the orthogonal omplement
of ImP±1 in H0(E), we obtain{
KerP−1 =
(
CokerP+1
) ∩H1(E)
KerP+1 =
(
CokerP−1
) ∩H1(E)
Hene {
indexP+1 ≤ dimKerP+1 − dimKerP−1
indexP−1 ≤ dimKerP−1 − dimKerP+1
where every of these inequalities beome equality if
the o-kernel of the orresponding operator ontains in
H1(E). However, indexP
+
1 + indexP
−
1 = index[σ
+] +
index[σ−] = 0, so both inequalities should be equalities,
and we obtain CokerP±1 ⊂ H1(E), and KerP±1 ∼=
CokerP∓1 . Hene,
dimKerP+1 −dimKerP−1 = indexP+1 = index[σ+]. (8)
Repeating this onsideration almost literally for the
operators Q±2 = (∇x ± i∇y)2 = P±1 P±2 ating from
H2(E) to H0(E), and using the fat that index of the
omposition of Fredholm operators is equal to the sum
of their indies
33
, we have
CokerQ±2 ⊂ H2(E),
KerQ±2
∼= CokerQ∓2 ,
dimKerQ+2 − dimKerQ−2 = indexQ+2 = index(P+1 P+2 ) =
= indexP+1 + indexP
+
2 = 2 index[σ
+]. (9)
We present below an expliit alulation of the value of
index[σ+] based on one famous theorem from algebrai
geometry. But for more larity we start with a simple
reasoning showing the proportionality of index[σ+] to
N(E).
Let us see on the onstrution of omplex bundles
over X . Let F be a U(n)-vetor bundle over X . Cut
out the disk B2 from the torus X . Sine the disk is
ontratible, the restrition of F to B2 is trivial. X −B2
is homotopially equivalent to the wedge produt of two
irles, and U(n) is onneted, so the restrition of F
to X − B2 is trivial, too. Thus, the isomorphism lass
of the bundle F is uniquely dened by its dimension
n and by the homotopial lass of the map ϕ : S1 =
∂B2 → U(n) gluing together two these trivial bundles.
This homotopial lass is dened by the degree of the
map det ·ϕ : S1 → U(1), where det: U(n) → U(1) is
the determinant homomorphism. The sum of degrees
orresponds to the Whitney sum of a bundles over X , so
K(X) = Z ⊕ Z. Here K(X) is Abelian group generated
by elements [F ] with relations [F ⊕ F ′] = [F ] + [F ′] for
all omplex bundles F , F ′ over X ; detailed desription
of K-theory is ontained in Ref.35.
Partiularly, the isomorphism lass of a linear bundle
E is dened by the integer N(E) = deg(det ·ϕ) =
(2pi)−1
∫
X
dA, and for the lass [E] of E in K(X) we
have
[E]− 1 = N(E)([E1]− 1), (10)
where E1 is a linear bundle over X for whih N(E1) = 1.
If E is trivial then hoosing trivial onnetion we
obtain that KerP+ is the spae of holomorphi funtions
on torus and KerP− is the spae of anti-holomorphi
funtions on torus. Both these spaes ontain only
onstants and are 1-dimensional, so indexP+ = 0 in this
ase. Taking into aount that σ+ is the image of [E] ∈
K(X) at the Thom isomorphism K(X) → K(X × C)
(the desription of this isomorphism see in Ref. 15), from
(10) we obtain that index[σ+] is proportional to N(E).
To alulate the oeient of this proportionality,
moreover, to alulate the value of index[σ+], let us
replae E by the other bundle of the same lass in K(X),
and replae P+s by the other operator of the same symbol
lass in K(T ∗X) (the index of the operator does not
hange at suh a replaement).
Consider the torus X as algebrai urve, with loal
omplex oordinate z = x+ iy. Choose holomorphi line
bundle F over X isomorphi to E in smooth ategory,
that is suh that N(F ) = N(E) (for example, we
an take divisor on X onsisting of a point z0 ∈ X
of the multipliity N(E), and turn from the divisor
to orresponding holomorphi line bundle by the way
desribed in Ref. 36).
Consider now the dierential operator ∂¯ : C∞(F0,0)→
C∞(F0,1), ∂¯ = ∂
∂z¯
= ∂
∂x
+ i ∂
∂y
, where F0,k is the
bundle of dierential forms on X of type (0, k) with
oeients in F . Sine the omplex otangent bundle
of X is trivial and linear, we have F0,0 ∼= F0,1 ∼=
5F , so the symbol of the operator ∂¯ is oinide with
σ+. Hene index[σ+] = index ∂¯. However, index ∂¯ is
equal to the Euler harateristi χ(X,F ) of the sheaf
of germs of holomorphi setions of F . We an ompute
χ(X,F ) using the Riemann-Roh-Hirzebruh theorem37.
For a urve X and linear bundle F this theorem yield
χ(X,F ) = c1(F )[X ] + 1− g, where g is the genius of the
urve X and c1(F ) ∈ H2(X ;Z) is the rst Chern lass of
the bundle F . In our ase g = 1, c1(F )[X ] = c1(E)[X ] =
(2pi)−1
∫
X
dA = N(E), so we obtain the nal formula
index[σ+] = N(E). (11)
Substituting (11) to (8)-(9), we obtain the assertion of
the Theorem.
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